Reflector imaging from ambient noise signals

The goal is to show numerically that the cross correlations of signals emitted
by noise sources and recorded by a receiver array can be processed to localize
reflectors.

1) Geometric set-up.
We consider the solution u of the wave equation in a three-dimensional
medium:
1 0%u
c(x)? o2
The term n(t, ) models a random field of noise sources. It is a zero-mean
stationary (in time) random process with autocorrelation function

(n(t1, y1)n(ta, y2)) = F(ta — t1)0(y1 — y2) K (y1). (2)

Here (-) stands for statistical average with respect to the distribution of the
noise sources.

K is the probability density function of the uniform distribution [—50, 50] x
[—10,10] x [185,200]. It can be approximated by 200 point noise sources ran-
domly distributed in the domain [—50,50] x [—10, 10] x [185,200].

The power spectral density of the noise sources is Gaussian F (w) = exp(—w?).

— Agzu =n(t,x). (1)
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Figure 1: Geometric set-up: receivers (triangles), reflector (diamond), noise
sources (circles).

Numerically, this can be simulated by sampling N points (ys)s=1,.. ~ inde-
pendently according to the prescribed uniform distribution and each point emits
independent and identically distributed signals ns(t) with stationary Gaussian
statistics, mean zero, and covariance function (ns(t)ns(t')) = F(t —t'):

1 N
n(t,x) = Vi ; ns(t)d(x — ys) (3)

There are five receivers: x; = (=30 + 7.5(j — 1),0,100), j = 1,...,5 (see
Figure 1).



2) Preliminaries.

The homogeneous three-dimensional Green’s function Go (w,x,y) is solution

of
A G0+ Go —i(x —y), x € R?

with the Sommerfeld radiatlon condition. It is given by

N 1 LW
Go(w, @, ) = exp (i [z~ y])

Arm|e — y|

(4)

(5)

In order to generate the data in the presence of a point-like reflector at z,., we

consider the Born approximation:
Glw,z,y) = Golw, z,y) + 0:w?Go(w, T, 2:)Go(w, 2, y)

Take cg = 1, 2, = (2, = =5,y = 0, 2. = 65), and o, = 1073.

3) Empirical cross correlation. The recorded signals are (u(t, x;));=

with

u(t,z;) = %/ G(w, xj,y)i(w, y) exp(—iwt)dydw

1 X[
= 2T\/N;/G(w,mj,ys)ﬁs(w) exp(—iwt)dw

1,...,5,t€[0,T]

The empirical cross correlation of the signals recorded at x; and x, for the

recording time T’ is

1 T—714
Crn(T, @1, 22) = m/ u(t, x1)u(t + 7, 2)dt.

(6)

where 71 = max(7,0) and 7_ = —min(7,0). Its expectation with respect to the

distribution of the emitted signals is

Cn(T, 21, 22) =N Z/dwF G(w,1,Ys)G(w, T2, ys)e 7.

(7)

The expectation of the empirical cross correlation with respect to the distribu-

tion of the emitted signals and the source positions is

CO (1,1, x5) /dw/dyK VF(w G(w x1,y)G(w, z2,y)e 7. (8)

If T'> 1, then the theory predicts that

T
Cr.n (T, @1, ®3) —3 COn (7,21, 22)

(9)



If N > 1, then the theory predicts that
Cn (7,1, @2) "=5° 0D (7,21, ) (10)

If the illumination were isotropic (which is not the case here), then we would
have:
CW (7,21, ®2) & Cagy (7, 1, X2), (11)

with gCasy(T, T1,x) = —[F x G(T,21,x2) — F x« G(—7, 21, mg)}, (12)
T

up to a multiplicative constant.

4) Questions.

1. We first consider the case where T" — +o0.

a. Compute and plot 7 — Cn (7, x5, x1) for 7 € [—200, 200].
b. Compute and plot the KM image:

In®) = Y COn(lz; - y°| + |y° — il zj, @) (13)

for y° in the plane (z,2) in a square window with size 20 x 20 and centered on
the reflector location z,.
¢. Study the resolution properties of the image.

2. We consider the case where T' < +00.

a. Compute and plot 7 — Cy (7, @5, 21) for 7 € [—150,150] for different
values of T' (T > 500).
In order to increase the stability, we can consider M (non-overlaping) time
windows of size T, which give independent realizations of the recorded signals

(u(m) (t,z5))j=1,....5 tefo,7, M = 1,..., M. We can then compute M empirical
cross correlations C;TJ\)N m=1,...,M:
(m) 1 T—14
Cyu(rxj, @) = T / ul™ (t, ) )u™ (t 4 7, @) dt
’ =T Jr_

and compute the average Cr, n,a of the M empirical cross correlations:

M
1
Crnm(T,xj,2) = Vi Z C}TJ\RT? xj, )

m=1

b. Compute and plot the CC-KM image:

5
e (@) =Y Crv (@ — o+ [y° — @l @, @) (14)
ji=1

c. Study the stability properties of the image (with respect to T and M).
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